NORM OF THE BERGMAN PROJECTION 

DAVID KALAJ AND MARIJAN MARKOVIC 

Abstract. This paper deals with the the norm of the weighted Bergman pro- 
jection operator Pa : L°°(B) — > B where a > — 1 and B is the Bloch space 
of the unit ball B of the complex space C". We consider two Bloch norms, the 
standard Bloch norm and invariant norm w.r.t. automorphisms of the unit ball. 
Our work contains as a special case the main result of the recent paper |4]. 
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1. Introduction and preliminaries 

[^ ■ Introduce the notation which will be used in this paper. We follow the Rudin 

\^ ', monograph [5 1. Throughout the paper n is an integer bigger or equal to 1. Let (•, •) 

(-^ ■ stands for the inner product in the complex n-dimensional space C" given by 

-)— » ' _ _ 

J3 ! {z,w)=ZiWi-\ \- ZnWn, Z, tf G C", 

where z = {zi, . . . , Zn) and w = {wi, . . . , Wn) are coordinate representation in the 
standard base {ei, . . . , e^} of C". The inner product induces the Euclidean norm 

>: \z\ = {z,z)^'^ , zec. 

<3\ ■ 

(3 ■ Denote by B the unit ball {z G C" : |z| < 1} and let § = SB be its boundary. 

O ! We let dv be the volume measure in C", normalized so that v(B) = 1. We will 

also consider a class of weighted volume measures on B. When a > — 1, we define 

cn . a finite measure dva on B by 

(N : dVa{z)=C^{l-\z\^Ydv{z), 

where c^ is a normalizing constant so that Wa(B) = 1. Using polar coordinates, 
one can easily calculate that 






n + a 



n 



It is known that the biholomorphic mappings of B onto itself have the following 
form 

a rp-a - [i - \a\ ) ' [oj o^aj 

cpaiuj) = -. ^ , for a€B, 

1 — {uj, a) 

up to unitary transformations; for a = 0, we set cpa = —Ida. In the case n = 1 this 
is simply the equality ifai^o) = (a — io)/{l — ato). Traditionally, these mappings 
are also called biholomorphic automorphisms. By Aut(B) = {U o ip^^ : a £ 
B, U £U}, where U is the group of all unitary transformations of the space C", is 
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denoted the group of all biholomorphic automorphisms of the unit ball. One often 
calls Aut(]B) the group of Mobius transformations of B. 

Observe that (pa{0) = a. Since ipa is involutive, i.e. Lpa° Va = IdB> we also 
have i/3a(a) = 0. 

Viewing C" as M^", the real Jacobian of ipa is given by 



i-|a|2 y+^ 




|l-(w,a)|V 


, UJ 1 


2 (l-|aP)(l- 


-l-P) 



Two identities 

® ^-l""*'^'! - |l-(.,a)P 

and 

(3) (l-(^,a))(l-((^aM,a)) = l-|a|2, 

for all a, uj ^ B, will also be useful. By using ^ we obtain the next relation 

dVa{Va{^)) = (1 - |93a(w)P)"(jRV3a)(w)'^l'(^) 

(l-|u;p)(l-|ap) 
|l-(w,a)|2 

(l-|ap) V^^^° 



|1- (tj,a)|^ 



,7 l-|aP ^ 


n+1 


' V|l-(a;,a)|2, 


dVaiuj). 





For a holomorphic function / with V/ we denote the complex gradient 

^«^'Kf'^' !:«)■ 

The Bloch space B contains all functions / holomorphic in B for which the 
semi-norm 

|2a 



;3:=sup(l-|z|^)|V/(z)| 

is finite. One can obtain a true norm by adding |/(0)|, more precisely in the fol- 
lowing way 

ll/lle = 1/(0)1 + II/IU /Gi3. 

It is well known that S is a Banach space with the above norm. The standard 
reference for Bloch space of the unit disc is HJ. For the high dimension case we 
referto[6|, [7|and[9|. 

Let L^ stands for Lebesgue space of all measurable functions in B which mod- 
ulus is integrable in B with exponent p when 1 < p < oo and for p = oo the 
space of essentially bounded measurable functions in the unit ball. The Bergman 
projection operator Pq for a > — 1 is defined by 

Pag{z) = / ICa{z,w)g{w)dva{w), g G ^^(B), 
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where 

JCaiz.w) = — -. TT — pn — , z, w €M 

is the weighted Bergman kernel. Bergman type projections are central operators 
when dealing with questions related to analytic function spaces. One often wants 
to prove that Bergman projections are bounded and the exact operator norm of the 
operator is difficult to obtain. By Forelli-Rudin theorem, P^ is bounded if and 
only if a > 1/p — 1. Thus, it is not bounded as operator L^ — )■ A^ and it is known 
that it is not bounded as L°° — )• H°°. On the other hand, for n = 1 it is well 
known that the Bergman projection Pa : L°°(]B) — )• i3 is bounded and onto, see 
lIBll . For n > 1 the operator P„ : L°°(B) -^ B is surjective what can be seen from 
(H Theorem 3.4]) in the Zhu book. 

The /3— norm and S— norm of the Bergman projection P^, : L°°(]B) -^ B are 

\\Pa\\(3 = sup ll-Pafi'll/?, and \\Pa\\B = SUp ||Pa5'l|B- 

Il9lloo<i l|g||oo<i 

There are several equivalent ways to introduce the Bloch spaces in the ball B C C". 
The previous one is natural and straightforward but the norm defined in that way 
is not invariant with respect to the group Aut(B). The following Bloch norm has 
this property. 

We define the invariant gradient |V/(z)| where 

V/(z)=V(/ov9,)(0), 

where ipz is an automorphisms of the unit ball such that ipz{0) = z. This norm is 
invariant w.r.t. automorphisms of the unit ball. Namely 

|V(/o(^)| = |(V/)o<^| 

for if G Aut(B). Then the Bloch space B contains all holomorphic functions / in 
the ball B for which 

1^ := sup|V/(2;)| < oo 



(cf. E Theorem 3.4] or [6]). Forn = 1 we have |V/(z)| = (1 - \z\'^) |V/(z)|, 
but forn > 1 this is not true, 
a norm in the following way 



but forn > 1 this is not true. Notice that || • || s is also a semi-norm. One can obtain 



ii5 = 1/(0)1 + ll/ll;3' /e^- 

The ^-norm (i3-norm) of the Bergman projection is 

||P„||3= sup ll-PaS-IU, (l|-Pa|lB= sup WPaQW^). 
II/II<1 Il9ll<l 

From the proof of JU Theorem 3.4]) we find out that 

where C is a positive constant. The later implies that Pa is a bounded operator 
since 

II p II - < 1 ^ II p II - 
IP aiig — J^ I ii-* aim- 
Before stating the main results let us prove the following simple lemma. 
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Lemma 1.1. For a> —1 we have 

(4) \\Pa\\B < I + \\Pah 

and 

(5) \\Pa\\B<^+\\Pa\\p- 

Proof. Since 

\Pag{^)\ = / g{w)dvo,{w) < \\g\\oo 
Jm 

it follows that 

ll-Pafflle = \Pag{0)\ + WPaOh < HffHoo + ||-Pq:||/3 Iblloo- 

This implies (01). The relation © can be proved similarly. D 

In this paper we find the exact norm of Pa w.r.t. /?— Bloch (semi) norm, and 
estimate the /?— Bloch (semi) norm. It is the content of our Theorem 1 1 . 2 1 which 
generalizes the result from the recent paper [4] in two directions. Let 

r(2 + ra + a) 
^"•"•"r2((2 + n + a)/2)- 
In this paper we prove the following two theorems 

Theorem 1.2. For the (3— (semi) norm of the Bergman projection P^ we have 

II p II (~i 

IP « lip — '-'a,n 

where V is Euler's Gamma function. 

In order to formulate the next theorem, assume that n > 1 and define 

n, ^ / - s /' 1(1 — 'U^i) cost + 1(72 sintl , , , 

(6) i{t) = {n + l + a) ^ 1 '' ^|„^ij ^-dva{w). 

Theorem 1.3. For a > —Iwe have 

(7) ^(vr/2) = 1^(0) = ^Ca,n- 

For the j3— (semi) norm of the Bergman projection P^ we have 

(8) II-PqIU = Ca,n = max i-{t) 

P 0<t<7r/2 

and 



-K a/vt^ + 4 

(9) -^C'a,n ^ ll-fall^ ^ 7^ ^a 

Remark 1.4. For a = Owe put P = Pa and we have 

(n + 1)! 
" "^ r2(l + n/2)' 
Moreover, for n = Iwe obtain 



IT 
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which presents the main resuh in [4]. As an immediate corollary ofTheorem\ 
Theorem \1.3\ and Lemma \1.1\ we have the next norm estimates of the Bergman 
projection: 

and 

-C <\\p\\-<i + ^^^±±C 

Conjecture 1.5. In connection with Theorem \1.3\ we conjecture that 

r --r 

See Appendix below for an approach that can be of interest. 
1. Proof OF THE Theorem [TT2] 
What we have to find is 

\\Pc\\fi = sup{(l - |z|2) \V,{Pag){z)\ : \z\ < 1, ll^lloo < 1}. 
A straightforward calculation yields 

(1 + n + a)w 



(10) 



Vz}Ca{z,w) 



(l-(z,'u;))"+2+' 



n+2+a ' 



z, w £ 



and this implies the formula 

^z{Pag){z) = I V,)Ca{z,w)g{w)dva{w), z G B. 



First of all, for a fixed z G IB and for ||(7||oo < 1 we have the following estimates 

|V(P,5)(^)l=max|(VP„5(^),C>| 



max 



max 



VzJCa{z, w)g{w)dva{w)X 
{VzlCaiz, w)g{'w), C) dvaiw] 



< max / \{V;,ICa{z,w)g{w),C)\dvaiw) 



= max 
< max 



(1 + n + a)w 

\n+2+a '^ 



{l-{z,w)) 
\1- {z,w)\ 



g{w)\dvaiw) 



Denote 



F^{z) = (1 + n + a) 



:i 



SOL , . 

{^T2T^dva{w). 



\l-{z,w)\^ 
The statement of the Theorem [O] will follow directly from the following equalities 

\\Pah = SUp{F^{z) ■.Z€M,CeS} = Ca, 

which will be proved through the following two lemmas: 
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Lemma 2.1. For every a > —1 we have 

sup{F(;{z) : z G B, C G §} < C'a,„. 

Lemma 2.2. For every a > —1 there exists a sequence gk of functions ||5fc||oo = 1 
and a sequence of vectors z/j € B, k>l such that 

lim (1 - \zk\'^)\\I {Pagk){zk)\ = C„,„. 

fc— )-oo 

In order to give proofs of the previous lemmas we need [5. Proposition 1.4.10] 
and some its corollaries collected in the following proposition. 

Proposition 2.3. a) For z G B, c real, t > —1 define 

f (l-l-wP)* 
Jct(z) = / ■; ; r-, — ,-,,,, dv(w). 

When c < 0, then Jc^t i^ bounded in B. Moreover, 

r(n + i)r(i + t)^ T'^{k + \i)\z\^^ 



1 yn -\- iji 1^1 -|- ij v-~v 
^^^^ "^^'^^^^^ TXATP Z^f{k + l)T{n + l + t + ky 

where Ai = H±i±*±^. 

fej Further we can write J^^t "^ ^he closed form as 

r(l + n)r(l + t) F[Ai, Ai, 1 + ri + t, |zp] 



(12) Jci(z) 

where F is the Gauss hypergeometric function. In particular 

z_\ _ r(i + n)r(i + ^)r(-c) 

z\) ~ r2(l/2(l -c + n + t))' 

Proof of Proposition \2.3\ The first part of proposition coincides with the first part 
of 15] Proposition 1.4.10] together with its proof. In order to prove the part b) we 
recall the classical definition of the Gauss hypergeometric function: 



(13) Jc,t 



{a)n{b)n n 

' ^ 1 



(14) F{a,b,c,z) = l + Y: .,^ „, 

n=l ^^'''^■ 

where {d)n = d(d + 1) • • • (d + n — 1) is the Pochhammer symbol. The series 
converges at least for complex z G U := {z : |z| < 1} C C and for z G T := {z : 
\z\ = 1}, if c > a + 6. For K(c) > K(6) > we have the following well-known 



(15) 


F(a, 


b,c,z) = 


T{c) 




P 

Jo 


(1- 


- ty-'' 

- tzY 


-1 
—dt. 


T{b)T{c- 


-b) 


In particular 


the Gauss theorem states that 










(16) 


F{a. 


,b,c,l) = 


r(c)r(c- 

■n/'j,\-n('. 


- a 


-b) 


. 5R(c) 


>K(a 


+ b). 



In order to derive (IT2] | from dTTT i. we use the formula r(x + 1) = xr(x) and obtain 

(17) r(fc + Ai) = (Ai)fcr(Ai) 
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and 

(18) T{n + l + t + k) = {n + l + t)kT{n + l + t). 

From (IT4l ). dTT] ) and dTSl ). by taking a = 6 = Ai and c = 1 + n + 1, we derive (IT2] |. 
The formula (|T3] ) follows from (|T6] l and observing that c>a + 6 = l + n + t + c. 

D 

Also we need the Vitali theorem, and include its formulation (cf. HI Theorem 
26.C]). 

Theorem 2.4 (Vitali). Let X be a measure space with finite measure /i, and let 
hk '■ X h^ C be a sequence offiinctions that is uniformly integrable, i.e. such that 
for every e > there exists 5 > 0, independent ofk, satisfying 

fi{E)<6 =^ [ \hk\df,<e. (t) 

Je 

Now: if limfc_>,oo hk{x) = h{x) a.e., then 



In particular, if 



lim / hkdfj, = h dii. (t) 

^=^00 Jx Jx 



sup / \hky d/j, < oo, for some p > 1, 

k Jx 



then (t) and (J) hold. 

Proof of Lemma \2~l\ For fixed z G IB let us make the change of variable w = 
ifzi^o), Lo £ M in the integral which represent -^((-z). In previous section we ob- 
tained the next relation for pull-back measure 

(l - IzP)"^^'*'" 

dVai^ziuj)) = .,2n+2+2« ^^"(^)- 

|l-(2;,a;)| 
By using this result and ^ we find 

^ = / , o I dVa ( U! ) 

1 + n + a h |l-(z,w;)|"+'+° ^ ' 

i^-\z\ )\{vzi^),C}\ (i-kr) 



dVa{^) 



|l-(.,,..(a;))r+^+"|l-(z,c.)|^"+^+^'^^""^''^ 

(|1 - (z,u;) r+^+"|l - {z,M^)) I)"''''"" \{M^),C) 

|l-(z,V9,(w))r+2+a|-^_^^^^^|2n+2+2a 

I (99^(0;), c) 



-dVai}^ 



|i- (2,w; 



in+a 



dt;a(w). 
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Therefore 



(19) T^^^ = / ,r,^'[:i dM-)- 



1 + n + a h\l-{z,uj)\' 
From the last representation of -F((-2) it follows 



i + n + a Jb\1- {z,uj}\ ^ Jb \l - {z,uj)\ ^ 

where we set c = — 1 and t = a. Then Ai = ^^, and Ca = ("^") as in ([T]). For 
z E B, z / we have 

T ( \^ J ( n w r(l + n)r(l + a) 

r^((2 + n + a)/2) 

Thus 

^20) ^c(^) < c,r(l + n)r(l + a) C,,„ 



1 + n + a - r2((2 + n + a)/2) 1 + n + a 
what is the statement of lemma. D 

Proof of Lemma \Z2\ Take C = ei and z = z^ = j^r^C- Define 

l-wil (1 - (t(^,z))'' 
Then 5^ G L°°(1B) and ||gA;||oo = 1- Further from ^ and ^ we obtain 
(21) 

(1 - \zk\^)\V{Pagk){zk)\ > (1 - kfc|')| (V(P«5fe)(^fc),C) I 



g^M = r^ '. r. .;U+. ' ^eB,u;i/0. 



(1 - kfc 



2^ 



{Vz)Caiz,w)gkiw)X) dva{w) 



(1 + n + a) / ToT — dva(w) 

Jm 1 - Ui.,u;> 



(1 + n + a) / -^^- -^dvo,{uj) := Gk 

Jm 1 - {zk,^)\ 



p 



{Zk,^)\ 

Forp = ^ ' (p > 1), according to Proposition 12.3 K take c = —1/2 and t = a) 

k Jm V|l - {zk,<^) 
(notice that | (^lpz^. (uj), 1 < 1). Therefore by Vitali theorem 



^^P I I ,; / TTTh^ dvaiuj) < 00 



hm Gfc = (1 + n + a) lim / -^ — ^dz;„(w) 



fc->-oo fc-i-oojn |l — (2fc,a;)| 



(1 + n + a) / Imi —^dvc,{uj). 
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For fixed ru E B we have 



lim 



k^-^ |1 - (^fc,a;)r+" |1 - (C,a;)r+° |1 - (C,^)!"^"' 
Therefore by using Proposition I2.3l again we have 



lim (1 - \zkf)\V{Pag){zk)\ = Cq(1 + n + a) J_i,Q,(ei) 

k—^OD 

(l + n + a)r(l + n)r(l + a) 
"""^ r2(l/2(2 + n + a)) 

r(2 + n + a) 



r2((2 + n + a)/2) 

3. Proof OF Theorem [O] 
Let 

Ca,n ■= \\Pa\\^ = SUp{\V ^{Pag){z)\ : \z\ < 1, ||fif||oo < !}■ 

We first prove ([8]l. It follows from the following two lemmas. 
Lemma 3.1. For a > — 1 and i defined in Q we have 

Ca,n < max i{t). 

0<i<7r/2 

Proof. Let / = Pag. We have 

(/ o ^a){z) = {Pag o ipa){z) 

Kai^a{z),w)g{w)dVa{w) 



Since 



1- {Va{z),ipa{w)) 



Ka{^Pa{z),^a{w))g{^a{w))dVa{^a{w)) 

{l-{a,a)){l-{z,w)) 



{l-{z,a)){l-{aM) 



for 

(22) e = n + l + a 

we have 

f°Mz) = ^:. 1 .2\e / 71 1 rw9°'Paiw)dva{Mw)) 

(1- Izl^)*^ 7jj (1- (zju;))^ 

Differentiating in z at by using the product rule we have 

^fW=0 7- p-|2Tg go(pa{w)dVa{fa{w)), 



n 
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where 

dVa{(Pa{w)) 

Thus 

(23) V/(a) = 9 [ ^ 

and consequently for 

(24) 



:i-i«n 



n+l+a 



dVa{w). 



\\1- {w,a)\ J 
{w-a){l- {a,w)y goipa{w) 



\2\e-n-l-a 



n + a 
n 



|1- (tf,a)|2(«+i+°) 



I^^^^'aM^ 



|V/(a)|=esup 
C 

< e' sup 

c 



{w-a){l- {a,w)y goipajw) \ 

(1 _ \a\2)0-n-l-a |i _ ^^^^^ |2(n+l+a) '^/ «^°W 



Uf — a 



|1 - (t(;,a) I" 



+l+a 



,c 



|5'0(^a(?x;)|(l - |w| )"-dv{w) 



(1 - IwR" 

< 6i'||5||oosup / |(u;-a,C)lT:^ TZTZamTT^Mw) ■ 



|1 — {w, a) 



Let 



L(a) = sup / \{w-a,C)\ 



[l-\w 



2\a 



1 — {w, a) 



|n+l+« 



dv{w) 



and define 



Then 



where 



L = supL(a) 

aGB 



L = sup sup/ |S'^^tt,(a)| (ifQ(tf), 

aGB C -^B 

(u; - a, C) 



5'f,«,(a) 



(l-(u;,a)) 



n+l+a ' 



Observe that S(i_^w{a) is a subharmonic function in a. It follows that a — )■ L{a) 
is subharmonic and its maximum is achieved on the boundary of the unit ball. 
Therefore there exist ao , Co G § such that 



L 



JB 



w -ao,Co> 



^l-lti; 



•2\a 



|1- (w,ao) 1'^+!+" 



dv{w). 



Let [/ be an unitary transformation of C" onto itself such that Ua^ = ei and 

UQo = costei + sinte2 for some t G [0,7r] (Here t = arg(ao,Co))- Take the 
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substitution w = Uuj. Then we obtain 

n _ \JJ, i|2^a 

KC/w - C/ei, Co)| rr-^77^^^^^rrTTi-f^^(M 



|1 - (w,C/ao) 
+ sin te2 
1(1 — t^i) cost + W2 sint 



fl — la;P')° 
a;-ei,costei+sinte2)| . ^^+i+^ dv{uj) 



\wi - l|"+i+c 



dVa{w). 



D 



Lemma 3.2, Le? ^ be defined as in ^. Then 

<?„,„> ^(7r/2). 
Proof. Let C = 62, a = e^ei, where en = A;/(/i; + 1). Then 

Define g^ such that 

^2(1 - ekWir+'+'^gk o ipaH = \w2il - ekWir+'+"\ 
and let fk = Paidk)- Then we have 

Thus 

(5a,„ > sup |V/fc(a)C| > i{Tr/2). 



n 



In order to prove d?) and (|9]l we prove the following lemma (which is an exten- 
sion of a corresponding result of Bungart, FoUand and Fefferman, cf. Rudin book 
E Proposition 1.4.9]). 

Lemma 3.3. For a multi-index rj = {rji, . . . ,r]n) £ Nq we have 

Js r[n + ^] 

and 

Here w"^ := HLi ^^fc*" ««^ 1^1 = E"=i ^i- 

Notice that the following proof works as well assuming that t] = (771, . . . , r/„), 
where r/j > — 1, j = 1, . . . , n are arbitrary real numbers. 
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Proof of Lemma \33\ The proof of (1251 ) goes along the proof of the similar state- 
ment in Rudin's book where it is proved the same statement for -q = 2x, where x 
is a multi-index. Here are details for the sake of completeness. Let 

where dV is the Lebesgue measure in C". The expression under integral is 



TT \zj\^^ exp(— |z| 
By Fubini's theorem 



2\ 



n „ 

/ = JJ / |A|''^exp(-|A|2)dy(A). 

One can easy compute the next for m, ^{m) > — 1 

/ |Arexp(-|Ap)dy(A). 

Jc 

Namely, by using polar coordinates X = r(, C S T, we obtain 

|A|'"exp(-|A|2)(it;(A) = 2 / rdr \rCr eM-H\'^)d^{C) 

Jo Jt 

= 2 / rdr r"" exp{-r'^)da{C) 

Jo Jt 

= 2 / rdr r"" exp{-r'^)da{C) 

Jo Jt 

/>oo 

= 2 / r"'+^exp(-r2)dr 
Jo 

/•oo 

= / (r2)™/2 exp(-r2)d(r2) 
Jo 

POO 

= / t""/^ exp{-t)dt 
Jo 

= r(l + m/2). 

/ |Arexp(-|A|2)dy(A) = 7rr(l + m/2). 

JC 



Thus 



and it follows 

n 

I = n-l[T{l + rj,/2). 
i=i 
On the other hand, applying polar coordinates in /, we obtain (uj2n is volume mea- 
sure of unit ball) 



I/UJ2^ 



/•OO p 

n = 2n rl''l+2'^-i exp(-r2)dr / \C\da{C). 
Jo Js 
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Thus 

/ \C\da{0 = ll{^2n ■ In /"rl''l+2"-iexp(-r2)cir). 
JS Jo 

Since wsn = Tr''/n\ and 2 J^ r^v\+2n-i exp(-r2)(ir = T{n + |7/|/2) it follows 

n" ir(l + ??,/2) 



Let us prove now ( |26l ). For a mapping / G L^(]B) we iiave 

f{x)dVa{x)=(''^'') f{l-\xfrf{x)dv{x) 



n 



"'"'"'^1 / „2n-l/i 2\a 



= 2n( 1/ r^'^-'il-r^)'' I f{rT])da{T])dr. 

For /(z) = \z\^ we have 

Further we have 



r[n + f] 



\ n J Jo ^ ' r(n)r[i 



r[l + a + n]r[|r?|/2 + n] 



+ a + |r/|/2 + n]' 
This finishes the proof of the lemma. D 

The relation dTJl and the left-hand inequality in ^ follows from the following 
lemma (in view of (O). 

Lemma 3.4. Let £{t) be defined as in ^. Then£{0) = Ca,nand 1{tt /2) = ^Ca,n- 

Proof of Lemma lT4\ The relation £{0) = Ca.n follows at once. Prove the second 
relation. 

Observe first that for / 7^ fc 

w\w\\w2\dv{w) = 0. 

By choosing r]{k) = {2k, 1, 0, . . . , 0) we obtain 

\W2' 
\1 — Wl 

\W2 



J = I t; i — m — dvaiw) 



^(-{n+l + a)/2V f . ,2fc, ,j , , 

2^1 , I / \Wl\ \W2\dVa{w), W = {Wi,...,Wn). 

I — n ^ ^ •'IB 



k=0 

From (|26]| we find that 



\winw2\dvUw) = I \z^^'^\dva{z) = r[i + ^^ +"^|/2 ^ n] ^^^^^^^^1 + fc] • 
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Therefore 

j = r[3/2lr[i + a + „l|:f-(" + ' + °'/^V=^ 1 ^ 

fr^V k J r[l + a + fc + n + l/2] 

r[3/2]r[l + a + n]^ (((n + 1 + a)/2)u? 



r[a + n + 3/2] '^' (a + n + 3/2)^/?! 

r[3/2ir[l + a + nl ,, , , , , , , , , , 

i [a + n + 3/zJ 
_ 7rr[l + a + n] 
~ 2r[(2 + a + n)/2]2' 

The last equahty is derived with help of Gauss theorem i.e. of the relation (IT6l ). 

Hence 

r I I 

i{^/2) = (n + 1 + a) / _^^^Ld^;,(^) 

_ 7r(n + 1 + a)r[l + a + n] _ t:T[2 + a + n\ 
2r[(2 + a + n)/2]2 ~ 2r[(2 + a + n)/2]2 
r(2 + n + a) 
r2((2 + n + a)/2) 

D 



> ..^..^ — A:r- = WPh 



To finish the the proof of Theorem II. 3 1 we need to prove the right inequality in 
^. It follows from this simple observation 

Ca,n < I sint|£(0) + I cost\£{7T/2) < V^(0)2 + £(7r/2)2. 

Remark 3.5. If g e C(E) and f = Pa[g], then it follows from (1231 ) and Vitali 
theorem that there exist a mapping <1> : S — )• C" such that for C G S 

limV/(a) =5(0^(0- 
But if g is apolinom, then we know that lima-s-f V/ = 0, implying that 

^^ Jm |l-(u',C)P("+i+°) 

TjfZ^j So we denote the little Bloch space, i.e. the space of holomorphic mappings 
f defined on the unit ball such that 

lim |V/(z)|=0, 
|z|^l 

and consider the Bergman projection 

Pa : C{M) -^ B, 
then by the previous consideration we obtain 

Pa{C{M))c]3oCB. 
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It follows that 

||Pa:C(l)^i3o||<Ca,„ 

w.r.t. invariant (3 Block semi-norm. Moreover, since the extremal sequence (see the 
proof of Lemma \3?2\ is consisted of continuous functions g^, it follows that 

IIP, : C(l) ^ i3o|| = Ca,n. 
The same can be repeated for the standard j3 Bloch semi-norm. 

3.1. Appendix. Regarding Conjecture 1 1.5 1 we offer the following observation. 
Put a = and n = 2. Let 

i{t) f \{l-wi)cost + W2smt\ 

lit) = -. ; ^ = / 1 -p5 dvlw). 

^ ' (n + l + a) Jb \wi-l\^ ^ ^ 

Take the substitution ip: ai = W2/{1 — wi), 02 = wi on the integral. We obtain 

^-i(B) = B' = {(ai,a2) : \aif < If^}, 

1 - ^2 



and 


ki 


- M~ 


dv{w) - 


= dv{a) 


and 
















m = 


/. 


cos 


t + aii 


im.t\dv{a). 


Let 


02 = 


-- pe^^ 


,0<p< 




^ p 


Ol = 


1 


9 
-P 



1 + p^ — 2p cos s 
Then 

/• /'27r rRo /"l /'27r 

/ I cost + oi sinf|(ir;(a) = / ds I dR i dp I | cost + oi sin t|Jd(T, 
JB' Jo Jo Jo Jo 

where J = pR. Define 

f27T p2iv 

h{t) = / I cost+oi sint|d(7 = / y^cos^ t + R sin t(2 cos a cos t + R sin t)da. 
Jo Jo 

Before we go further remark the following, h{t) is indeed the circumference of the 
ellipse E[a,h] with the axis a = cos t-\- R sin t and h = \ cos t — R sin t| . It can be 
expressed by the formula 

h{t) = AaE[e^] 
where E is the elliptic function of the second kind and 



' 2i?sin(2t) 
(cost + i?sint)^ 



e = y/l - 67a2 = 

is the eccentricity of the ellipse. 
Therefore 

h'{t) = csc{2t)K[e\- cost + Rsint) + coi{2t)E[e\cost + Rsint), 
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where K is the eUiptic function of the first kind. By using the asymptotic formulas 

K[e^] - ; + ?^^ 



and 



2 8 



vr vr 



E\e'] « ^ - -e2 



we obtain that 



2 

/i'(0) := lim/i'(t) = /i'(7r/2) := lim h'{t)=0. 

This means that /'(O) = /'(7r/2) = 0, or what is the same and 7r/2 are stationary 
points of the function /. 
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